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FOREWORD

Shell structures are important components of airplanes, missiles, and
space vehicles, but present capabilities for predicting the local and gen-
eral instability of many such structures are inadequate. A large effort
continues to be devoted to the stability analysis of shell structures, and
considerable progress has been made. Results are slowly disseminated,
however, and many engaged in research are not fully cognizant of the prob-
lems and practices of the vehicle designers who utilize research results.
Therefore, an NASA SYMPOSIUM ON INSTABILITY OF SHELL STRUCTURES was organ-
ized by the Langley Research Center with sessions scheduled to be held
there on October 24 and 25, 1962. Participants were limited to persons
contributing papers and to certain officials of the U.S. Government.

This symposium was planned to provide those persons concerned with
shell instability at research laboratories, at educational institutions,
and in the aerospace industry with a comprehensive view of the present
state of the art, including the voids in present knowledge, important cur-
rent problems, and the most fruitful directions for future theoretical and
experimental research on the instability of all types of shell structures.

Individuals actively engaged in research on shell stability or design
were invited to contribute written papers for inclusion in a compilation
to be distributed to the participants prior to the symposium. A few
papers were selected by a steering committee for oral presentation at the
symposium. Provision was made, also, for a discussion of all papers.-

Individual authors prepared their final manuscripts and figures in a
form that could be directly reproduced in this volume. The material pro-
vided was neither checked nor edited by NASA. Opinions and data presented
are the responsibility of the authors and do not represent official views
of the NASA.

The following steering committee guided and assisted the Langley
Research Center personnel in the organization of the symposium:

R. R. Heldenfels, Chairman, NASA Langley Research Center
George Gerard, Allied Research Associates

M. G. Rosche, NASA Headquarters

E. E. Sechler, California Institute of Technology

R. S. Shorey, General Dynamics/Astronautics
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ABSTRACT

This collection of papers provides a comprehensive view of the
present state of the art, including the voids in present knowledge,
important current problems, and the most fruitful directions for future

theoretical and experimental research on the instability of all types
of shell structures.
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I THE DESIGNER'S VIEWPOINT



SHELL INSTABILITY PROBLEMS AS REIATED TO DESIGN

By Lewis H. Abraham
and
Mortimer J. Lowy

Douglas Aircraft Company Inc.

SUMMARY

A presentation is made which highlights several current shell
stability problems. A searching reappraisal of shell stability re-
search is advocated in the light of the current rapidly mounting
intensity of shell research which in many cases is disproportionately
academic and non-design orientated.

INTRODUCTION

In scanning the list of participants in this symposium one can
only marvel to see that so many serious investigators in the field of
elastic stability can be gathered at any one time. Likewise, the papers
presented cover a cross section of the important recent works being ac-
complished in the field of shell stability. At such a distinguished

~gathering, however, the responsibility of pointing out areas which are
not receiving sufficient emphasis, is of equal importance to the task
of reporting accomplishments. It is the hope of the authors that in
pointing out specific problem areas and, where possible, indicating
their relative importance in the design process, that interest will be
aroused and solutions be expedited. Contrary to what has quite often
become the expected plea, this paper will not ask for more effort in
the discipline of shell instability, rather a diversion of the serious
worker to the problem areas offering a maximum return potential. Even
a casual glance at Figure 1 would indicate the widespread interest in
shell stability as evidenced by the increase in the quantity of litera-
ture being published on shell analysis. Unfortunately much of it is
concerned with peripheral problems and much deals with trivia. Perhaps
it was this inundation of mediocre and inconsequential papers that
prompted the editorial board of the Journal of Applied Mechanics to
adopt a policy which excludes from consideration, without review, papers
in the field of shell stability which employ small deflection theory or
otherwise apply established techniques to the solutions, "no matter how
interesting," (reference 3). While not a deterrant to all, at least
such a policy will discourage waste effort involving trivial refine-
ments and mathematical gymnastics. In the face of a limited and in-




expandable supply of competent talent we must turn our attention from
the inconsequential problems to those where increased knowledge and
analytical techniques hold promise of increased structural reliability
and efficiency.

DESIGNING FOR STABILITY

A missile or spacecraft is primarily a pressure sustaining struc-
ture. Perhaps in excess of 90% of the structure may be sustaining
pressure loads. In the early missile designs most shells were pressure
critical and stabilization was not necessary except for certain handling
conditions. However, as material applications and properties have ad-
vanced, wall thicknesses have diminished until today meny shells which
have been previously designed by pressure vessel criteria are now at or
beyond the threshold of the instability problem. Figure 2 represents
a design problem involving a solid propellant motor case which illus-
trates this situation. The case, a second stage sustainer, is subject-
ed to axial compression and bending loads during the initial boost stage.
After first stage booster cut-off the sustainer is fired and the case
is subjected to an internal pressure condition. Figure 2 shows the re-
quired wall thickness of this 18-inch radius, steel cylindrical shell
versus the tensile stress of the material considered. For the condi-
tion of internal pressure the typical hyperbolic relationship is obtain=-
ed. However, consideration of the condition which induces compression
in the shell establishes a lower limit of wall thickness which can be
drawn as a horizontal cut-off line. This cut-off line, when derived
for an unsupported shell by the method of reference L intersects the
hyperbola at an ultimate tensile stress of 251,000 psi. This approaches
very closely the ultimate strength of the material selected for the
motor case. Thus it can be seen that additional improvements in the
strength of case materials would be pointless without something being
done about the shell stabilization problem.

Where previously it was conservative to neglect core stabilizing
effects they now are a first order consideration. Figure 2 shows two
additional cut-off lines. The intermediate one is based upon the work
of Seide on cylinders stabilized by elastic cores (reference 5) and the
lower one is based upon a value obtained in a full-scale compression
test of a motor case filled with inert propellant. If the case were
designed to the lowest cut-off value a weight saving of approximately
40% would result. These particular values of the limitations due to com-
pressive instability are cited merely to illustrate the problems rather
than define actual allowables. Methods of predicting stabilizing-effects
of viscoelastic cores are rather difficult to apply in practice. For
example, in applying Seide's theory it was necessary to assume a value
for the modulus of elasticity of the core. This is difficult to obtain,



as it is well known that core materials behave in a viscoelastic manner
and any test program must realistically account for the actual tempera-
ture and strain rate if it is to be an acceptable analog of the opera-

tional problem. Here then is a fertile field of investigation.

STIFFENED SHELLS

The designer, faced with the problem of shell instability must ask,
"why monocoque?" It is well known that, except for the limiting cases
of minimum-gage handling problems and thick-walled shells the monocoque
is structurally the least efficient mode of material disposition for
non-stabilized shells in compression.

In general, then, it behooves the designer to either avoid monocoque
or stabilize it wherever possible. Some methods of avoiding monocoque
include the following construction:

(a) Conventionsl frame and/or stringer combinations

(b) Integral stiffening

(c¢) Sandwich construction

(1) Isotropic core (e.g. foam)
(2) Orthotropic core (e.g. honeycomb)
(3) Unidirectional core (e.g. corrugations)

The integrally stiffened shell is illustrated in Figure 3 which
shows a machined waffle pattern that has been successfully used for de-
sign of several cryogenic fuel tanks. This simple configuration at
first represented a fabrication challenge. Now that it has been success-
fully produced for several designs, attention has been given to opti-
mizing the stiffener configuration. Interestingly enough, the most
difficult problems here are not those concerned with optimizing the
shell for strength only, but rather optimization consistant with the
conditions imposed by manufacturing limitations and other design con-
siderations.

Figure L4 shows a weight comparison of several systems of construc-
tion for cylinders as a function of loading intensity for an actual de-
sign case involving combined axial compression and bending. Similar
consideration 1s given to spherical caps under external pressure in
Figure 5. Here the treatment is more general in that weight, or gage,
has been normalized as has the loading. There are several items worthy
of note in this figure. First, we find a substantial difference between
classical theory for monocogue and the empirical curve based on test
data. The empirical curve shown is based upon a constant coefficient
of 0.2 in the classical formula. This agrees within 10% with the avail-
able experimental data. Further examination of Figures 4 and 5 shows
that there is a much larger potential pay-off in attempting to apply



sandwich construction to the design problem than there is in operating
on the monocoque theory. One problem which looms large in designing for
sandwich construction --- especially in cryogenic tankage, is that of
thermal stress and the technique of combining thermal stresses with load-
induced stresses. A rigorous address to this problem should provide
useful information to the designer. An even more pertinent observation
is that the weight advantages shown for sandwich construction are often
lost in the reduction to design practice, especially in the design of
joints and attachments, Thus the question must be raised whether a
portion of funds spent on shell research and development could not, in
many cases show greater returns, even for the long term, if spent on
development of design and febrication techniques rather than analytical
methods. The problems of the stability of stiffened shells afford a
propitious interface for the interests of the researcher and the design-
er and the contributions of both are essential.

SCATTER AND RELIABILITY

One problem of the designer which is even difficult to state, let
alone operate upon, concerns the relationship among shell instability
solutions, product testing and design factor-of-safety philosophy. 1In
the design and construction of large boosters and space vehicles time
and economic considerations dictate that full scale test specimens be
few in number; yet the reliability of the vehicle must be close to 100%.
Under the circumstances the large scatter in test and performance data
experienced under present test techniques and the large deviations from
predictions cannot be accepted without unwarranted design weight penal-
ties or reduction in vehicle reliability.

It might be argued that many reliable aircraft were designed with
limited full scale testing. It can also be argued however that there
were many compensating factors in aircraft design that are not found
in missiles. Among these were the sometimes meaningless corrections
such as material and coupon correction factors, none of which had much
direct bearing on shell instability. Nevertheless these corrections
inadvertently provided reliability due to a high induced safety factor.
Figure 6 reflects the design of a typical thin shell structure. If only
specimen No. 1 had been tested and the design based on this value (e.g.
the normal 1.5 safety factor applied to this value) the structure produc-
ed would have apparently operated satisfactorily and would still not have
failed under limit stress even if an actual strength value as low as
specimen No. 6 had been realized. Missile and spacecraft designers how-
ever, under pressure to produce more and more efficient structures have
been forced to reduce this so called ultimate factor of safety from the
standard value of 1.5 to 1.25 and even less. Using this criteria the
allowable working stress for the illustrative example would have been
raised and the reliability of the production structure, based on this



limited test data, would have been reduced to an unacceptable level.

Certainly, there must be a reason for this scatter. Does the ob-
served scatter of test data reflect a variation from specimen to speci-
men or does the prime variational influence lie in the testing? If the
former, perhaps we can control variations by design techniques. If the
latter, can we expect similar variations in actual operations? These
problems must be answered if the designer is to apply rational relia-
bility criteria to his products. If some of the parameters affecting
scatter were known, these data could be reduced to a much narrower
scatter band --- even to a reasonably accurate standard value. If this
were possible, data from a few tests could be used with greater assur-
ance. Work to reconcile and explain the observed scatter would be most
welcome by those of us in the design effort. In any event more rigor
must be observed in the reporting of new test data.

OTHER PROBLEMS

Dynamic loading of shells, although not necessarily, or even pre-
dominately, a structural stability problem, is another area of great
concern to the designer. For the large boosters now in study phases
the effects of ground winds, wind shears and gusts, transient thrust
and release loads, fuel sloshing and structural cross-coupling and blast
exposure loom as first order problems. We feel that these problems are
not receiving their proportionate share of attention.

CONCLUDING REMARKS

At the risk of making a presentation - and a short one at that -
of perhaps considerably different context than most of those here, we
have attempted to expound a philosophy based upon the immediate needs
of the design engineer. Certainly we have not covered all important
areas. The tremendous increase in the tempo of shell instability re-
search in recent years would indicate such appraisals are periodically
necessary if our precious research resources are to be used intelligent-
ly. The temptation to work on a problem because it yields a more tract-
able mathematical model or is academically interesting must be seriously
weighed against the gains to be expected. Quite often a less elegant
attack on a more abstruse problem will show a greater return in terms
of advancement of the state-of-the-art of structural design. Most agen-
cies charged with expenditure of the structural research dollars are
forced into continuing reappraisal of the emphases and aims of contract-
supported shell instability investigations in the light of the near and
far term mission requirements. The point of philosophy we wish to re-
iterate in that things now appear out of balance. Perhaps some of the

research dollars now spent on shell instability might be given up and
spent in more lucrative endeavors.-
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STABILITY PROBLEMS IN MISSILE STRUCTURES
By Richard J. Sylvester

The Catholic University of America

SUMMARY

A number of specific buckling problems relating to missile pro-
pellant tanks and transition sections are enumerated. In some cases
approximate techniques used by missile designers to determine stability
are mentioned. The inadequacies of these approximate methods and the
unavailability of appropriate usable information is stressed.

Furthermore, the mathematical complexities of nonlinear buckling
problems are considered. Some possibly fruitful areas of mathematics to
simplify these complexities are discussed with the hope that research in
these areas will provide a better means through which the analyst may
supply the designer with more realistic and accurate theoretical data.

INTRODUCTION

The desire to reduce structural weight in missiles and space
vehicles in order to increase payload has resulted in thin-walled shell
construction subject to elastic and inelastic buckling as one primary
mode of failure., In many instances an adequate buckling analysis, or
method of analysis, or experimental information is not available, Con-
sequently, very crude but hopefully conservative approximations or ideal-
izations are employed for analysis of the design. Often designers even
avoid entirely particular lightweight configurations because of the
complete lack of experimental or theoretical information on potential
instability problems, The results of the above situations may be either
the choice of a design which may not be near optimum or, perhaps even
worse, a very expensive static test or flight test failure resulting in
costly delays and vehicle modifications.

This paper discusses a number of missile shell stability problems
which can be categorized among those which cause difficulty for designers,
The specific problems are considered under the classifications of tank
dome problems, tank barrel problems, or transition section problems.

Many of these stability problems may be formulated as boundary value
problems in nonlinear partial or ordinary differential equations; how-
ever, the solutions of these equations are extremely difficult to obtain
or to approximate,
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Three distinct sets of ideas are entertained in regard to simplify-
ing the methods of solution for these problems., The first ideas are in
regard to high-speed digital computer means of determining parameters
resulting from Ritz-type methods used with stationary energy principles,
The second set of notions concerns the behavior of approximation to
integral equation formulations of shell buckling problems rather than to
differential equation formulations. The last group of ideas explore in
a very preliminary fashion the possibility of converting the boundary
value problems of shell stability into initial value problems by methods
similar to those of Ambarzumian or those of "invariant imbedding" used
in transport theory. Perhaps then as initial value problems simpler
methods may be found to determine stability or multiplicity of solutions.

STABILITY OF TANK DOMES

Elliptical Domes Under Internal Pressure

The thin-walled elliptical shell (hemi-ellipsoidal shell of revolu-
tion) whose ratio of length of major to length of minor axis is /2 1is
often chosen as a missile tank dome primarily on the premise that such
domes give the shallowest rise and hence minimize transition section
length and weight without introducing the possibility of dome circum-
ferential buckling. Rattinger has clearly shown by experiment that flatter
elliptical domes will buckle under internal pressure,

Without entertaining the idea that such buckling might not be an
adverse phenomenon, two important assumptions underlie the choice of a
root-two" elliptical dome, The first is that linear membrane analysis
tells all that the designer needs to know., This implies that the dis-
placements of the dome under load and the effect of edge restraints have
little bearing on the dome stresses or stability. The second assumption
is that the loading is a constant internal pressure.

Within the framework of linear membrane theory Baltrukonis has
shown that for "root-two" elliptical domes under axisymmetric internal
hydrostatic pressure compressive circumferential stresses do arise. These
stresses appear in the neighborhood of the attachment points of the domej
the extent to which they continue into the dome depends upon the pressure
gradient in relation to the total pressure., The fact that a great number
of missiles with "root-two" domes which have been flight tested and have
not experienced detectable buckling due to this effect may imply any of
the followings

1, the domes have sufficient stiffness to withstand the
compressive stress without buckling, or
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2. the pressure gradient in relation to the maximum pressure
is sufficiently small so that the compressive region is
confined to the shell boundaries where attachments provide
restraint against buckling, or

3. the displacements of the shell are large enough to change
substantially shell curvatures and thus invalidate linear

theory.

The nonlinear behavior of very thin elliptical domes under internal
pressure is still a quantitative unknown., Tests indicate bursting pres-
sures of 20%¢ to LOZ over that which linear membrane theory predicts. This
phenomenon seems to be due to large curvature changes in domes under high
pressure. These observations are offered as part justification for the
third reason given above,

The successes of past designs of given geometry, thickness, and
"pressure gradient-maximum pressure" relations unhappily do not insure
the success of future designs which may incorporate variable thickness
"root-two” domes of larger than conventional diameters and with different
relationships between pressure gradient and maximum pressure, Conse-
quently, the problem of buckling of elliptical domes under axisymmetric
internal hydrostatic pressure still remains an open question.

When a propellant tank is in the horizontal position and containing
a propellant, Baltrukonis has again shown membrane hoop compression under
the nonaxisymmetric hydrostatic pressure, Here again is the source of
a significant stability problem.

Shallow Spherical Domes Under Internal Pressure

In order to decrease the total length of a missile, decrease its
structural weight, and raise its fundamental frequency of lateral vibra-
tion one tries to shorten as much as practical transition sections between
propellant tanks., To accomplish this shortening some designers have con-
sidered using shallow spherical shells for tank domes. Reasoning from
linear membrane theory they conclude that the lateral component of the
longitudinal membrane stress at the dome-tank juncture must be resisted
by a sufficiently stiff ring frame so that buckling of the tank walls and
dome is avoided. The ring frame is customarily designed with a stiffness
sufficient to prevent first mode "out-of-roundness® buckling were the ring
free and under a uniformly distributed line load in the plane of the ring.
The intensity of this line load is determined from the lateral component
of the membrane stress in the dome., Consequently, the increased weight
due to the heavy ring required under the above assumptions does not give
the shallow spherical dome design a decided advantage over the elliptical
dome design,
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The author is not at all certain that for a shallow dome without a
ring frame buckling will occur as first mode out-of-roundness, Most
certainly large nonlinear local bending effects will occur as internal
pressure is increased, The dome and tank wall curvatures will change
measurably before buckling occurs. The deformed shape may tend to approach
that of a shallow ellipse for which the mode of buckling is not in general
first mode out of roundness., The presence of a ring frame may tend to
reduce the amount of displacement at the edge of the dome, but the mode
of buckling would seem to be dependent upon the stiffness of the ring
frame., Hence, the nature of the stability of a shallow spherical shell
under internal pressure and attached to a cylindrical tank wall with or
without a ring frame of given stiffness is still an unresolved problem,

It seems heuristically reasonable that for sufficiently stiff rings
"out-of-roundness®" first mode buckling is most likely to govern the ring
design., A pertinent suggestion has been to stabilize the ring against
such buckling by a series of lightweight tension rods much like the spokes
on a bicycle, It is believed that these rods would inhibit first mode
buckling by providing restrain against outward motion of the ring. If
such stabilization is possible, then a lighter ring may be used designed
against buckling at some higher mode., Perhaps a weight-saving may be
realized., Thus, the problem of the stability of a shallow spherical dome
attached to a cylindrical shell edged by a ring frame which itself is
stabilized by tension rods (perhaps prestressed) provides a challenging
and useful area of investigation for the shell analyst. Further, weight
optimization including the ring and tension rod weights with stability
as the failure criterion would be most useful.

Domes for Segmented Tanks

In order to reduce the circumferential stress in propellant tank
barrels the segmented tank, whose cross-section resembles the shape of
a scalloped round doily, was devised, Domes for such tanks pose a
stability problem for the analyst. For relatively flat domes a small
radius of curvature is required at the transition from the dome to the
segments of the barrel, hence one may legitimately anticipate circumferential
compression in these areas when the tank is subjected to internal pressure.
These transition segments are not shells of revolution but more closely
resemble sections of a football. A computational complexity is thus
encountered in determining the linear membrane stresses as well as the
buckling behavior of these football segments, Certainly, the solution
of this problem would be useful to designers.
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Domes Under Static External Pressure

Several envirommental and test conditions introduce the occurrence
of static or quasistatic external pressures on domes., Such mishaps as
rapid emptying of propellant tanks during simple hydrostatic testing
without proper vent valve opening, air transport of tanks from higher to
lower altitudes with unopened vent valves, and geysering of cryogenics
during tank filling have all inadvertently caused situations of external
pressures on domes, The frequency of buckling failures due to such mishaps
have prompted designers to consider using various "failsafe" valves,
which would permit rapid pressure equalization under such conditions. The
design of such valves requires the knowledge of the buckling pressure of
the domes. The problem of static external pressure on domes arises also
in regard to recoverable boosters and in missile tanks in which a common
dome separates two varieties of propellant.

Under some of the conditions mentioned above buckling occurs without
rupture of the dome but with plastic deformations. Internal pressure
may be used to "pop" the domes back into shape. Whether or not such a
procedure is harmful to the integrity of the dome has not yet been
determined.

Thus, dome buckling under external pressure is a significant large
deflection problem complicated by the fact that in practice domes are not
always shallow. Judging from the discussions in the literature on the
nonlinear solution of the shallow spherical shell problem one may say
with assurance that the buckling of deeper domes provides an extreme
challenge. Perhaps different mathematical and new numerical schemes are
necessary to eek out the solutions to such problems.

Domes Under Dynamic External Pressure

In a number of applications tank domes are subjected to rapidly
applied external pressures., For example, in-flight ignition Jf a higher
stage engine in the neighborhood of a lower stage tank dome causes a
sudden dynamic blast to impinge on the dome below, In order to prevent
damage to the lower stage which may be intended to be recovered or which
might, if damaged, explode and cause a disruption of the higher stage
the dome must be able to withstand the dynamic load. As the outstanding
work of Ezra and Foral of the Martin Company in Denver has shown, for
blast loads of short duration a peak external pressure considerably
greater than the static buckling pressure can be withstood before permanent
buckling is experienced. However, high speed motion pictures by Foral
show considerable motion and large displacements due to high pressure
impulses. An understanding of the dynamic response under such loads and
the relation of this dynamic response to the permanent buckling or tearing



16

of the shell is not at all apparent., Just what stability means under
such dynamic conditions is not at all clear., Here again is a complicated
nonlinear problem to test the acuity of the analyst.

Concentrated loads on Domes

The weight of many missile components is often supported by rela-
tively heavy trusses in the transition section areas, These trusses are
usually fastened to ring frames in the walls of the transition sections.
Should these components be mounted directly on domes in the transition
areas, truss weights could be saved, This practical consideration leads
one to be concerned with the effects of concentrated loads on domes.

In testing of some shallow domes under single concentrated loads
one of two different types of behavior is usually observed. For thicker
domes plastic yielding in a significant neighborhood around the concen-
trated load is observed. For thinner domes no noticeable plastic yielding
takes place; however, the concentrated load causes snapthrough or oil
canning, Aside from desiring to know the load which causes snapthrough
either local or general on shallow or deep domes, one should also like to
know the values of those physical parameters which mark the separation
point between the two different phenomena; i.e., elastic snapthrough or
local yielding,

Explosively Formed Domes

Explosively forming from flat sheets large diameter domes for missile
application has been suggested as a useful and economical manmufacturing
scheme, Tests on small scale models show that for sufficiently thin
sheets of material used in explosively forming domes, wrinkles or buckles
can form in the neighborhood of the apex of the dome and also around the
supporting edge of the dome., Although methods for preventing these wrinkles
are being devised, better understanding of the forming of these wrinkles
would certainly be useful.

STABILITY PROBLEMS REIATING TO TANK BARRELS
Problems of Barrel Design

The choice of the type of barrel design to be used in missile pro-
pellant tanks is determined by several important considerations., Pri-
marily the function of the tank barrel is to contain the propellant;
thus, it must be able to withstand the internal pressures caused by the
propellant and the tank pressurization system. Another function relegated
to the tank barrel is transmitting the axial thrust of the engines to the
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payload; thus, the barrel must be able to withstand the compressions
developed, It is the resistance of this compressive loading that often
leads to varieties of barrel designs.

A popular choice is the cylindrical tank with integral longitudinal
stringers and hoop frames flexibly fastened to the stringer flanges,
The stringers are usually designed to some sort of column buckling and
crippling criterion which in the hands of a good analyst appears adequate.
Whether or not the interior hoop frames provide an aid to stability is
an unanswered question, On the basis of a variety of tests with internal
pressure the presence of the frames and whether they are attached to the
shell or the stringers does not seem to affect the buckling load signi-
ficantly. A more adequate resolution of this problem is desirable.

For larger diameter rockets requiring relatively less internal
pressure honeycomb construction for tank barrels will reduce tank weights.
Honeycomb, however, in its customary design is adversely affected by
thermal stresses. When the outer skin is heated and the inner skin
cooled, the core material is placed under tension stresses which bring
about separation between the core and the face sheets., A design which
permits periodically spaced creases or ripples in the inner face sheet
of a sandwich construction will tend to permit contraction of the inner
face and expansion of the outer face without extremely high core ten-
sions, The ripples will merely be pulled flat. The problem of the
stability of honeycomb cylinders with such ripple inner face sheets has
not at all been examined, Here, too, is a fruitful area of research for
the structural analyst in the area of nonlinear buckling of sandwich
cylinders,

Concentrated Load on Tank Barrels

Among the causes of concentrated loads on tank barrels one can
include

1. struts and straps used in fastening booster rockets in
cluster configurations,

2. handling loads in transport of missiles,

Significant problems in shell stability arise from these concentrated
loads, Internally pressurized thin shells with identical longitudinal
struts of varying cross section equally spaced about the circumference
and supporting concentrated loads pose a problem of stability. Not only
the behavior of these struts under longitudinal loads, but also under
concentrated normal loads is significant., Study of the stability and
deformation of such design with two, four, or six longerons would be
most useful,
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Straps or linkages which may be used to hold clusters of booster
rockets together impose concentrated loads. Usually the strength of the
barrel shell is ignored in the direct carrying of these loads and interior
rings or support structures are assumed to carry the loads. If the degree
to which the shell can resist concentrated tangential loads is better
assessed, the internal support structure can be lightened or perhaps even
eliminated,

The interior hoop frames mentioned in the section entitled, Problems
of Barrel Design, are useful in preventing tank collapse due to handling
loads., Precisely to what degree they are useful is not known. They
are customarily designed by no really rational method. Knowing how these
rings interact with the shell structure and maintain stability would be
useful,

Dynamic Loads on Tank Barrels

Rapidly applied dynamic loads on tank barrels may arise from three
important sources; the launch of a rocket vehicle from an underground
silo, a nearby detonation, or a nearby upper-stage ignition., As in the
case of dynamic loads on domes just what structural stability means and
whether it should be considered in analysis under such loads is still
an open question,

STABILITY PROBLEMS IN TRANSITION SECTIONS
Longerons in Transition Sections

The tremendous thrusts of rocket engines in liquid propellant
missiles are usually resisted by heavy longerons which distribute these
thrusts to cylindrical panels by means of shearing action. The required
length of longeron is dictated by the buckling strength of the attachedd
panels, This buckling strength is usually assessed as that of a flat
plate of approximately the same dimensions as the curved panel, An
adequate stability analysis of curved panels with variable section
longerons does not seem to be available,

In order to save weight and shorten transition sections, some
designers run the longerons into the tank barrel area. The stability
behavior of a longeroned "transition section" and "tank barrel" ensemble
is indeed complex and even good approximations to this behavior have not
been forthcoming although certain designs employing this principle have
been successful.



19

Should the longeron be made in two sections spliced in some way at
the "tank-transition section" junction a noticeable decrease in bending
stiffness of the longeron may be realized at this splice, This reduction
in bending stiffness will tend to make the configuration more susceptible
to buckling. The effect on stability of such a splice should be studied.

Other Transition Section Problems

Transition sections between tanks and between missile and payload
must transmit high compressive forces and are designed entirely on
stability considerations, To complicate the analysis of such sections
is the presence of access doors, The stability of the section often
depends strongly on the fastening and load-carrying capability of these
doors, complicated by other loading enviromments such as transonic
buffeting.

Still another interesting problem relating to transition sections
is that of local elastic buckling on the compressive side of a laterally
vibrating missile, The amount of bending stiffness reduction in the mis-
sile cross section due to local buckling is not well known. Determining
this would enable the analyst to determine the decrease in the fundamental
structural frequency of the missile due to such local elastic buckling
during large lateral vibrations.

SOME AREAS OF MATHEMATICAL RESEARCH

With Donnell's idea that the buckling of a cylindrical shell under
axial load is essentially a nonlinear phenomenon and with the clear con-
firmation of this notion by Von Karman and Tsien the shell analyst is
forced into a mathematical discipline which is both very complicated and
s8till in its infancy. Many shell stability problems can be considered
as boundary value problems in the theory of nonlinear partial differential
equations, This author would like to mention three different mathematical
areas in which he feels research would be of berefit to the shell analyst.

Extremizing Nonlinear Functions

In the work of Von Karman and Tsien and more recently of Kempner
concerning the postbuckling behavior of thin cylindrical shells the
method of approximate solution of the nonlinear problem stems from the
Principle of Stationary Potential Energy. Ignoring the important question
of existence of a solution, analysts often employ a Ritz-type procedure,
An approximate displacement function containing a number of arbitrary
parameters is generated; compatibility in terms of this function is
satisfied. The remaining task is to determine the values of the parameters



which minimize or at least make stationary the potential energy function,

Research to determine adequately convergent numerical schemes ap-
plicable to high-speed digital computers to minimize or extremize non-
linear functions of many parameters would certainly be fruitful to the
shell analyst. Methods of steepest descent seem most promising and should
be investigated further.

Integral Equation Formulations

Budiansky appears to be the only author to have employed the dis-
cipline of integral equations to shell buckling, His formulation of
the shallow shell problem under uniform pressure led to nonlinear Ham-
merstein-like integral equations defined over a finite domain with a
rather complicated kernel of Kelvin functions with singularities at its
boundaries., An equivalent formulation with linear kermels but an infinite
domain is also possible.

Since generally speaking the boundary conditions of the problem
are already incorporated into the integral equation formulations, such
questions as existence and uniqueness of solutions or numbers of non-
unique solutions should be simpler for integral equation formulations than
for differential equation formulations, Also, the rapidly developing
field of functional analysis should provide many powerful theorems useful
in the study of integral equations, Since nonsingular linear problems in
integral equations lend themselves to numerically better behaved approxi=-
mate solutions than do the equivalent differential equation formulations,
one might hope for the same advantage in singular, nonlinear problems,
For all these reasons the author would like to encourage the mathematically
inclined shell analyst to become interested in and do some research in
nonlinear integral equations,

Invariant Imbedding

Recent work by Bellman, Kalaba, and Wing in the mathematics of
transport theory, has led to a method of solving boundary value problems
called "invariant imbedding" which is an extension of the work of
Ambarzumian, A primary objective of the method is the conversion of
boundary value problems to initial value problems which seem to be well
suited to high-speed digital computation, Although this method has not
been applied to shell theory, preliminary investigations indicate that
it has good potential, The invariant imbedding technique may be very
useful in determining shell stability and should be examined more carefully.
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SOME TYPICAL. SHELL STABILITY PROBLEMS ENCOUNTERED IN THE DESIGN

OF BALLISTIC MISSILES

by
A. Kaplan, E. J. Morgan and W. Zophres

Space Technology laboratories, Inc.
INTRODUCTION AND SUMMARY

Investigations carried out at STL on three current problems involv-
ing instability of thin shells in applications to aerospace vehicles are
discussed. The first concerns the experimental determination of the
buckling behavior of longitudinally stiffened pressurized cylinders; the
second, the analytic prediction and experimental confirmation of the buck-
ling behavior of multi-layer cylinders and the third involves the behavior
of cylinders under combined axial load and lateral pressure. In each case
the background of the application is reviewed, followed by a short descrip-
tion of the work. It is indicated that the longitudinally stiffened cylin-
der shows considerable promise in taking maximum advantage of the strength-
ening effect of internal pressure, that the use of an external low modulus
layer as an insulator can have a significant effect on the buckling capa-
bility of a shell, and that the assumption of a linear interaction for
pressure and axial load is unnecessarily conservative.

STIFFENED PRESSURIZED CYLINDRICAL SHELLS

The two original ballistic missiles, Atlas and Titan, were engineered
with quite different design philosophies. In the Atlas, the primary
axial load carrying ability is due to a high internal pressure and the
thin walls serve primarily to contain the pressure, although they do
make a small but significant contribution to the strength of the structure.
This type of design can be quite efficient if high pressures are required
for other systems such as the pump, and if high strength materials are
employed. Its major disadvantage is the requirement of continual pres-
surization or axial tension in the structure to prevent collzpse.

The Titan criteria specified that the fully-loaded missile be
capable of standing erect in a wind with zero internal pressure. To
meet this condition, the initial design called for a conventional alumi-
num aircraft type structure with longitudinal stringers supported by
circumferential rings. However, due to the high pressurization stresses
and severe aerodynamic heating this design is subjected to very large
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secondary stresses at the frame attachments. These were eliminated by
supporting the frames with radially slotted fittings. The frames sup-
ported the longerons in the unpressurized condition by preventing inward
motion, but exerted no restraint to the outward motion resulting from
internal pressure and heating. In the pressurized condition the only
support for the longerons was obtained from the elastic foundation
provided by the stressed skin. The procedure used for design was to
size the stringers for the unpressurized ground condition assuming the
tank behaved as a conventional stiffened structure, and then to check
for the pressurized flight condition assuming that the skins buckled
and that the elastically supported stringers failed by crippling. This
structural concept was proved out by full scale room temperature tests
and programmed heating tests conducted by the Martin Company at their
own plant and at Wright field. It has been successfully used on both
the Titan I and Titan II missiles. However, for the Titan tanks the
unpressurized ground condition is critical, therefore there was no need
to determine the effect of the various parameters of the pressurized
stiffened structure and thus optimize its design.

To determine the full potentialities of this type of structure, a
small scale testing program was started at STL a year and a half ago.
It was felt that in addition to the reasons for its use in the Titan
design, pressurized stiffened cylinders had the potential of making
better use of the stiffening effect of the internal pressure than did
the monocoque type of structure. This expectation was based on the
observed buckling behavior of pressurized monocoque cylinders. With
increasing internal pressure, the monocoque buckling waves become
shorter longitudinally and larger circumferentially. When they approach
an axially symmetric shape, the buckling stress which has been increasing
with the pressure reaches a limit equal to the classical buckling stress
for a monocoque cylinder. The addition of longitudinal stiffening would
be expected to inhibit the formation of these axially symmetric buckles
and thus increase the buckling stress of the skin. Furthermore, after
buckling, the skin would be expected to act as a stretched membrane in
the circumferential direction and thus continue to provide an elastic
foundation for the longerons. These expectations were reinforced by
the theoretical results of Thieleman (Reference 1) which indicated that
internal pressure has a much stronger effect on the buckling stress of
an orthotropic cylinder with the major stiffness in the longitudinal
direction than on an isotropic cylinder.

a. Specimen Description

The aim of the test program was to determine the buckling behavior
of longitudinally stiffened cylinders as a function of the internal
pressure and the geometrical parameters of the cylinder. The latter
included the R/t and L/R of the cylinder skin, and the number, size and
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shape of the stiffeners. Because of the large number of combinations,

it was necessary that a simple, easily made specimen be used. The test
specimen and testing technique used were similar to that developed in a
previous program and described in detail in Reference 2. The cylinders
were formed from thin (2 mil to 10 mil) Mylar plastic and were bonded to
plexiglas stringers. The specimens were joined to the end caps by casting
them in a ring of Cerrelow, a low melting temperature metal alloy, thus
providing a uniform loading of both stringers and skin.

The principal advantage in the use of Mylar is that due to its large
range of linear elongation, buckling tests can be repeated without any
degradation in performance. This had been demonstrated in the previous
program and, in addition, it had been shown that there was no significant
difference between the results for Mylar and those for metal, provided
the buckling stresses were within the elastic limit.

The basic test cylinder was 8 inches in diameter and 8 inches long,
but the effects of length and diameter were checked by spot testing of
other sizes covering a range of R/t from 400 to 4,000 and of L/R from
1 to 4. Most of the stringers were of rectangular section, but a few
tests using I and H sections were also made. The number of stringers
was varied from 4 to 72.

b. Test Procedure

Tests on each specimen were made at a sequence of increasing pres-
sures. The specimen was loaded at a constant displacement rate until the
peak load was achieved. The total axial load and the relative axial
displacement of the cylinder ends were continuously measpred and record-
ed on an XY plotter. The results of a test sequence for a typical speci-
men with intermediate size stiffeningare shown in Figure 1. The inter-
ruption in the curve indicates visual observance of panel buckling, while
the2horizontal intercept indicates the load carried by the pressure,
;[Rp.

¢c. Description of Results

The buckling of the specimens fell into several regions depending
primarily upon the internal pressure and the relative size and number
of the stringers.

For relatively light stringers at low pressures the specimens be-
haved as orthotropic cylinders with buckling of the skin and stringers
occurring simultaneously. As the pressure was increased, the stringers
continued to carry load after buckling of the skin and finally failed
as columns. Finally, at high pressure, general failure occurred in an
axisymmetric mode (Figure 2) similar to the failure of a monocoque cylin-
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der at high pressure. The onset of the axisymmetric mode was accelerated
by an increase in the number of stringers.

For the heavier stringers, skin buckling occurs appreciably earlier
than general failure. The skin buckles in the familiar diamond pattern
with the longitudinal wave length decreasing with increasing pressure.
At low pressure, the stringers buckle in their first or second longitud-
inal mode. With increasing pressure, the stringer buckling wave length
decreases, but at a slower rate than that of the skin. Typical failure
mode of a heavily stiffened cylinder at intermediate pressure is shown
in Figure 3.

d. Analysis of Results

In line with the experimental evidence, two approaches were used in
the theoretical analysis of the problem. In the first, the cylinder was
treated as an orthotropic shell and a one term solution obtained for the
corresponding Donnell type equation. In the second, the stringers were
treated as individual columns supported by the skin acting as an elastic
foundation. Neither of these approaches has been very satisfactory as
yet but they have indicated the qualitative trends of the data.

In lieu of an analytic theory, an empirical equation indicating the
influence of the various parameters was developed. The initial step in
this direction was to separate the load carrying capability of the skin
from that of the stringers. This was done by subtracting the sum of the
load carried by pressure and the calculated buckling load of the monocoque
skin from the total failure load, and dividing the result by the number
of stringers. This gave Py, the increase in load above that of pure
monocoque cylinder due to each stringer.

Plotting Py for various numbers of stringers as a function of pressure
indicated that over most of the range of configurations tested Py was
independent of the number of stringers and was proportional to the square
root of the pressure, except at very low pressures. Continued plotting
and analysis led eventually to the following formula

EoIo Est2 2\p (R 2
( QO> lE(l-uE)R {l ' ‘/l ’ lQ(l_u )ﬁg<€>

hﬂgE I
PN=_02+
L2
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The formula agrees within an accuracy of about 10% with all the experi-
mental results except those for a large number of stringers and high
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pressures. For those cases, the formula overestimates the increase in
Py with pressure. The overestimation occurs earlier with relatively
light stringers and is evidently associated with the onset of the axially
symmetric buckling mode. Methods of including this effect in the formula
are still being studied. In Figure 4 the results for similar cylinders
with a wide variation in size and number of stringers are compared with
the predictions of the formula. The good agreement over most of the
range of parameters together with the drop off for the large number of
stringers is evident.

The difficulties in obtaining an accurate analysis using the concept
of an elastically supported column are evident by comparing the empirical
buckling formula with the equation for the buckling of a clamped column
on an elastic foundation

Pop = 4 ® 00 + 2 [KEI

This indicates that the effective elastic foundation is a function of
Ao and thus evidently cannot be the simple Winkler type foundation
which is usually assumed. The comparison also indicates that for large
pressures the stiffness is independent of the skin thickness and thus
the effective width of the skin is independent of pressure. This con-
clusion is confirmed by the load deflection curves.

Additional analyses are being performed in an attempt to determine
the mechanism of this effect and additional tests are planned to further
delineate the region of axially symmetric buckling. To determine if the
axial compression results are applicable to bending, a small bending
program has been started. Initial results from this program are encourag-
ing and indicate that the bending behavior can be inferred from tne axial
test results.

LOW R/t MONOCOQUE CYLINDERS SUBJECTED TO
COMBINED EXTERNAL PRESSURE AND AXTAL LOAD

The interstage structure of the Minuteman consists of ring stiffened
monocoque cone frustums of small included angle and with an R/t of about
200. For the loads encountered by the Minuteman, this monocoque design
provides a good combination of high bending stiffness, high heat sink
capability to minimize aerodynamic heating, and relatively low weight.
The critical loading conditions for the interstages occur at stage burn-
out due to a combination of axial compressive load and high temperature,
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at maximum dynamic pressure due to a combination of axial compression,
bending and a slight external pressure, and at silo launch, due to a
combination of axial compression and high external pressure. To optimize
the design for the launch condition, a small scale testing program was
instituted at STL.

An earlier test program (Reference 2) covering a wide range of cones
and cylinders had indicated that the interaction curve for buckling of
cylinders under axial compression and external pressure was concave up-
wards, particularly for low values of R/t. However, there was not enough
data to be conclusive and there was no data for R/t less than 40O. Ad-
ditional testing was therefore indicated. Because of the small included
angles of the interstages, and because the previous results had indicated
good correlation between low angle cones and cylinders, it was decided to
simplify the testing by using cylinders. The specimens were similar to
those described in the previous section, being made of Mylar plastic
sheet joined to the end plates by casting in a Cerrelow ring.

Tests were run on a series of specimens with R/t = 156 and approxi-
mately 200, and with values of Z ranging from 26 to 739. The results
are presented in Figure 5 as the ratios of the experimentally determined
buckling pressures and loads to design values for lateral pressure alone
and axial load alone, respectively. The reference buckling coefficients
for lateral pressure are taken as 90% of the values suggested by Batdorf
(Reference 3) while the reference axial buckling coefficients are those
recommended in Reference 2, that is

C = 0.606 - 0.54 l—exp—.l% /Bt_

It is seen that the interaction curve is strongly non-linear and
also asymmetrical. A line drawn through the mean of the data would be
definitely non-circular. However, due to the increased scatter for the
high axial load conditions, a circular interaction curve is recommended
for design. A report describing the details of the experimental work
is in preparation.

It is clear that in this low range of R/t the assumption of a
linear interaction curve between axial load and lateral pressure is
unnecessarily conservative.
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COMPOSITE CYLINDERS SUBJECTED TO AXTAL
COMPRESSION AND EXTERNAL PRESSURE

The Guidance and Control Compartment of the Minuteman is subjected
to similar loading conditions as are the interstages. However, due to
its forward position, the load intensities are lower and the aerodynamic
heating is higher. As the result of several design studies, it was
decided to use an aluminum monocoque shell with one intermediate lateral
pressure ring to which was bonded a layer of low conductivity fiberglass
insulation. An important factor in the choice of this configuration was
the major contribution of the fiberglass insulation to the buckling
strength of the shell for silo launch and max q conditions. At these
times, particularly the silo launch condition, only the surface layers
of the fiberglass were heated and therefore it maintained most of its
room temperature properties. At the final burnout condition, the fiber-
glass was heated throughout and its structural contribution was therefore
neglected.

The analytic approach (Reference 4) to the buckling of the two layered
cylinder was based on neglecting the difference in Poisson's ratio between
the two materials. This approximation allows a simple calculation of the
bending and stretching stiffnesses of the composite shell. On substituting
these stiffnesses into Donnell's equations, revised expressions were
obtained for the curvature parameter Z and the buckling coefficient K.
These revised expressions then allow direct utilization of the solutions
obtained by Batdorf (Reference 3) and others for the buckling of thin
cylindrical shells for various loading conditions.

Thus for a shell consisting of two thicknesses, t; and t, with
elastic moduli E; and E,, respectively, the composite extensional stiff-
ness B is given by

- .‘E]'___.E';L_ o F) >4 = l+ E_—g—--t—z—

while the composite bending stiffness D is given by
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Then
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For large Z, the equation for buckling under an axial load is
simply

which, on making the proper substitutions becomes

E. t. ° E t.°

1 11
N = > R VO@ = 0.6 Rl VO@
cr w/3(l'P )

Thus, the theoretical influence of the second layer is proportional
toy/a B . Presumably there is a similar reduction in the theoretical
coefficient, 0.6, for the multilayer cylinder as there is for the homogen-
eous cylinder. The actual functional variation can only be determined
experimentally, but a likely candidate is to assume the same function of
R/t as for a single cylinder based on the effective thickness term in the
expression for Z, teff = tl\!B/a .

In Figure 6(a) are shown the results of axial buckling tests of full-
scale cylinders representing the Minuteman G&C Compartment. The results
are expressed as the ratio of the actual buckling loads to the average
buckling load obtained for three single layer aluminum cylinders. The
R/t of the aluminum cylinder is 24L4 and the L/R is 1.8. These tests
were conducted by the Space and Information Division of North American
Aviation. Also shown are the theoretical predictions for the two assump-
tions that the buckling coefficient is considered a function of\/a/g
and that it is considered independent of\/a/g . The data is insuf-
ficient to confirm the theoretical predictions over a range of thickness
ratios, but it does confirm the major increase in load at the tested
thickness ratio.
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For the buckling of cylinders under lateral pressure, the Batdorf
expression for the buckling coefficient for large Z is

K, = l.oky/z

On substitution, the expression for the lateral buckling pressure, Dqp,
is obtained

P
p.. = 0.926 El(_i) 3 bk

cr R

Thus, for lateral pressure, the influence of the second layer is propor-
tional to

P R

and is considerably greater than for the axial load case.

In figure 6(b) are shown the results of similar tests performed by
North American for the lateral pressure case. The results are presented
in the same way as for the axial load case except that the reference
value for a single layer is computed. Two of the specimens were cylinders
(R/tl = 240, L/R 1.8) and the other two were conical frustums with a
semi angle of 50 (R/t; = 240, L/R =~ 0.9). In this case the tests were
conducted at a variety of thickness ratios and indicate excellent agree-
ment with the theoretical predictions.

It thus appears that the simple theory presented here gives good
correlation with experiment and further that the addition of a relatively
thick but low modulus layer has a significant effect on the buckling load
of a cylinder, particularly under lateral pressure. It should be noted
that for Minuteman interstages, the proportionate amount of insulation
required is much smaller and therefore the use of fiberglass would have
a much less significant effect on the buckling strength.

One severe problem should be mentioned before closing. The buckling
capability of a two layer structure is a critical function of the bond
between the layers. This is particularly the case when plastics are
bonded to metals because the wide difference in thermal coefficients of
expansion can induce significant internal stresses. It is only when
these factors are considered in detail in laying out the fabrication and
quality control procedures, as was done by North American, that a success-
ful structure can be built.
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Figure 5.- Experimental results for Mylar cylinders under combined axial
compression and external pressure.
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Figure 6.- Buckling of two-layer cylinders (cylinders of aluminum-
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SOME SHELL STABILITY PROBLEMS
IN MISSILE AND SPACE VEHICLE ANALYSIS
By D. O. Brush

Lockheed Missiles & Space Company
Sunnyvale, California

SUMMARY

A brief discussion is presented of three structural shell stability
studies in progress at Lockheed Missiles & Space Company: the stabi-
lizing influence of solid propellants, the effect of cushion stiffness
on buckling under cushion loading, and the snap-through buckling of
axially loaded cylinders. Recent analytical results are compared with
test data. Also included is a brief description of a few shell stabil-
ity problems of present interest to LMSC for which satisfactory methods
of analysis are not available.

INTRODUCTION

One of the consequences of the critical importance of weight saving
in missile and space vehicle design is that most major structural com-
ponents consist of thin-walled structural shells. In terms of the usual
classifications of shell theory, most of the shells in such applications
are not only thin but are extremely thin. This thinness, of course,
promotes buckling and large deflections. Consequently, a substantial
portion of the structural research effort in any missiles and space
company must be devoted to shell stability investigations.

Research and methods-of-analysis studies are presently in progress
at Lockheed Missiles & Space Company on a broad range of shell stabil-
ity problems. This report briefly discusses three of these problems:
the stabilizing influence of solid propellants, the effect of cushion
stiffness on buckling under cushion loading, and the snap-through buck-
ling of axially loaded cylinders. The first of these concerns analyses
in which the propellant is assumed, as a first approximation, to act as
a soft elastic foundation. The accuracy of small-deflection buckling
theory in such analyses and the suitability of the Winkler-foundation
assumption are considered. The second study pertains to the design of
large-diameter cylindrical shell structures to resist handling and
storage loads. A support load occasionally must be introduced into a
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cylindrical shell in an unstiffened region of the shell surface. The
possibility of buckling under loads applied by cushioned supports and
the effect of cushion stiffness on the buckling strength of the struc-
ture are discussed. The third problem, snap-through buckling of axially
loaded cylinders, is very well-known. New theoretical results are pre-
sented which, for the first time, agree with experimental data for the
minimum postbuckling equilibrium load.

Finally, in spite of the research effort devoted to shell stability
studies, what may be called the "methods gap" continues to grow. A brief
description also is presented of a few shell stability problems of
present active interest to IMSC for which satisfactory methods of anal-
ysis are not available.

THREE SHELL STABILITY STUDIES

Influence of Soft Elastic Cores

The use of solid-propellant fuels in rocket motor cases has led to
widespread interest in the stabilizing influence of soft elastic cores
on the buckling strength of circular cylindrical shells. As a conse-
quence, a number of papers on core-stabilized cylinders have appeared
in the literature in recent months. A notable example is the recent
paper by Seide on buckling under uniform lateral pressure and axial
compression (ref. 1).

Axially-symmetrical loading. - An extensive study of core influence
has been in progress at ILMSC for several months. As a part of this
study, an analysis has recently been completed for the buckling of core-
filled cylinders subjected to axially-symmetrical loading (ref. 2). A
stability equation is derived for a simply-supported cylinder subjected
to axially-symmetrical lateral pressure of arbitrary axial distribution,
combined with a central axial force. The analysis is an extension of a
corresponding empty-cylinder analysis in reference 3, and the treatment
of the core effect is based on Seide's general elastic-core analysis in
reference 1.

Numerical results are presented in reference 2 for certain lateral
pressure distributions of interest in motor-case analysis. For a cylin-
der subjected to an axially-symmetrical band of pressure, it is found
that the magnitude of the buckling pressure is independent of both band
location and cylinder length, unless the band is located near one end
of the cylinder or the cylinder is extremely short. Furthermore, for
sufficiently wide pressure bands, the magnitude of the buckling pressure
is also independent of the bandwidth.
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As would be expected, the buckling pressures for wide pressure
bands are found to be the same as those given in reference 1 for rela-
tively long core-filled cylinders pressurized over their entire length.
These buckling pressures also may be shown to be the same as those given
by the following relatively simple equation derived in reference L4 for
a wide ring of rectangular cross section, filled with a soft elastic
core, and subjected to uniform external pressure:

EC
—_— 1
2(1 -u7) v

2D ,
3

=
Sl

where:
D= Et3/[12(1 - #2)]
E,EC = Young's modulus, ring and core
u,ub = Poisson's ratio, ring and core
r = ring radius
t = thickness
n = number of circumferential waves in buckle pattern

The physical significance of individual factors in the analysis
is much more evident in equation (1) than in the more complex, cylinder
equations. The second term in the denominator on the left side of the
equation represents the prebuckling influence of the core, and usually
is negligibly small. The first term on the right side represents the
ring bending stiffness, and the second term the core effect during
buckling. For E, = O , equation (1) reduces to the well-known Donnell
solution for an empty ring.

The Winkler-foundation assumption. - Equation (1) was derived in
terms of the assumption that the core in the ring is an elastic medium
in a state of plane stress. It i1s important to note that the alternative
assumption that the core acts as a Winkler foundation, i.e., as a set
of uncoupled springs, may be shown to lead to a factor (1/n2) instead
of (1/n) 1in the last term in the above equation. In the range of
practical stiffnesses for solid propellants, n 1s much greater than
unity. Therefore omission of shear coupling in the foundation (as was
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done, for example, in refs. 5 and 6) greatly underestimates the stabi-
lizing influence of the core, and may lead to results which are grossly
conservative.

Accuracy of small-deflection theory. - Both Seide's analysis and
the analysis in reference 2 are based on small-deflection buckling theory.
As is well-known, this theory does not always yield results in agree-
ment with test data. However, it is generally recognized that, for
empty cylindrical shells, the agreement is reasonably close for loadings
in which the prebuckling membrane stresses are predominantly circum-
ferential. Seide has shown in reference 1 that reasonably close agree-
ment also may be obtained for core-filled cylinders, for the case of
uniform lateral pressure loading. An additional comparison for core-
filled cylinders is shown in figure 1 for a case of nonuniform lateral
pressure, namely, for a circumferential band of pressure. The theo-
retical results are based on reference 2, and the test data are from
reference 7. In view of the fact that it is quite difficult to deter-
mine an appropriate experimental value for Young's modulus of the core
material, the agreement between theoretical and experimental values again
may be said to be reasonably close.

Elastic Cushion Loading

Cushioned support-saddles pressing against the unsupported lateral
surface of a large-diameter cylindrical shell structure induce compres-
sive hoop stresses in the shell wall which can cause the shell to
buckle. However, the cushions also act as an elastic foundation which
tends to stabilize the shell wall. The stabilizing restraint is similar
to that derived from a soft elastic core. Consequently, the stiffness
of the support-saddle cushioning material is a strong factor in deter-
mining the magnitude of the applied pressure at which buckling failure
may occur under cushion loading. The allowable pressure is lower for
relatively soft cushions, with fluid-pressure loading constituting a
limiting case corresponding to cushions of zero stiffness.

Unsymmetrical loading. - Both axially symmetrical and unsymmetrical
(i.e., transverse) cushion loading are of practical interest at ILMSC.
Of course, if the circumferential distribution of the pressure applied
to a cylindrical shell is such that a significant amount of circumferential
bending is induced in the shell wall from the outset, the shell may fail
by local bending or local beam-column action rather than by buckling.
However, axial symmetry of the applied pressure is not a necessary con-
dition for bifurcation instability. A band of pressure circumferentially
distributed according to the relation:

P=0D (1L + cos @)/2 (2)
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where ¢ 1s the circumferential coordinate, causes the cylinder cross
sections to translate and decrease in diameter, but does not induce
significant circumferential bending prior to buckling. An analysis of
bifurcation instability under the pressure distribution of equation (2)
was carried out as part of the present study, and is reported in
reference 8. Results of the analysis indicate that the maximum allowable
fluid pressure for the unsymmetrical loading treated in reference 8 is
somewhat greater than that for the corresponding axially-symmetrical
case, but the difference is not great. Therefore, subsequent studies
of bifurcation instability under cushion pressure have been limited to
axially-symmetrical loading in the present investigation.

Axially-symmetrical loading. - The most recent result of the axially
symmetrical loading investigation is a pilot study of a core-filled
circular ring subjected to external pressure applied by soft elastic
cushions (ref. 4). The equation determined for the buckling pressure
in that analysis is:
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where the subscript s denotes cushion, and the remaining symbols are
defined above. For E = 0 , this equation reduces to the relation
given in equation (1) Sfor fluid pressure loading. Equation (3) indi-
cates that the stability of the structure may be increased by increasing
the stiffness of the cushion material or by decreasing the cushion's
thickness.

The Axially Loaded Cylinder

A study of the snap-through buckling of axially locaded circular
cylindrical shells has been in progress at LMSC for quite some time.
This is a well-known problem which has challenged investigators in the
field of structural shell stability analysis for many years. The con-
tinuing interest in the problem is indicated by the relatively large
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number of references to it in the collected abstracts of papers for the
present symposium.

Large-deflection analysis. - The first phase of the LMSC study of
this problem has recently been completed, and is reported in reference 9.
This phase treats the theoretical postbuckling behavior of isotropic
cylinders which are free from initial geometric imperfections. General
interest in this aspect of the problem was first stimulated by the find-
ings of von Karman and Tsien in 1941 (ref. 10). Results of their analy-
sis indicate that if large displacements are considered, the load can
be shown to drop sharply from the bifurcation point given by small-
deflection theory to a relatively low minimum in the postbuckling range.
Their analysis was later improved by other investigators, among whom,
Kempner (ref. 11) gave the most accurate solution. However, the ratio
given in reference 11 between the minimum postbuckling equilibrium load

and the classical, small-deflection buckling load 1is P/PCL = 0.30. The

corresponding experimental values reported by Thielemann in reference 12
are only 0.10 to 0.12

In the IMSC analysis, as in the previous analyses, the Rayleigh-
Ritz procedure is used to represent the elastic system in terms of a
countable number of degrees of freedom. The Newton-Raphson iteration
method was employed to obtain solutions to the nonlinear equation system,
and an IBM 7090 computer was used. in the numerical work. The number of
degrees of freedom in the Rayleigh-Ritz analysis was successively in-
creased until no significant change occurred in the magnitude of the
minimum postbuckling equilibrium load.

Results of the analysis of reference 9 are shown in figure 2. The
expression assumed for the radial displacement component is of the form:

D D) 8 cos (immx)cos (Jnmy) (&)

where m,n are wavelength parameters, x,y are the axial and circumfer-
ential coordinates, and i,j are integers. Curve A in figure 2 repre-
sents the case in which all coefficients aij except a20’ all’ ao2 are
set to zero, and coincides with the Kempner solution. By success-
ively including additional degrees of freedom in the displacement
function, equation (4), the results represented by curves B, C, and D
are obtained. It may be seen that:

e the magnitude of the minimum postbuckling equilibrium load
decreases as the number of degrees of freedom is increased,
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e the rate of decrease diminishes as the number of degrees of
freedom is increased,

e the minimum value found for the greatest number of degrees of
freedom, Case D, is approximately P/PCL = 0.11 and,

e this value 1s in close agreement with the corresponding experi-
mental values (0.10 to 0.12) reported by Thielemann.

Reference 9 also presents information on the energy levels associated
with various postbuckling equilibrium configurations.

Experimental investigation. - Of course, the objective of investi-
gations of postbuckling behavior such as those in references 9 through
11 is to furnish information which may contribute to the ultimate estab-
lishment of an adequate buckling criterion. It is believed that exten-
sive additional testing will be necessary before such a criterion can
be formulated. Unfortunately many of the early tests of axially loaded
cylinders were designed to determine simply the load level at which
snap-through occurs. It is now widely recognized that experimental
evidence is needed on a much broader range of questions, such as the
influence of initial geometric imperfections of known form, the response
to dead-weight loading, changes in buckle pattern during loading and
unloading in the postbuckling region, etc. A test program designed to
furnish certain information of this kind has been initiated at IMSC.

It is believed that the results of such tests, together with continued
theoretical effort, can ultimately serve as a rational basis for design
of the axially loaded cylinder.

Pressurized and core-filled cylinders. - The analysis reported in
reference 9 of theoretical postbuckling behavior under axial compression
may be extended with relatively little difficulty to internally pres-
surized cylinders and to cylinders filled with a soft elastic core. This
work also is in progress. Results in reference 12 and elsewhere indi-
cate that the load range within which buckling is possible for internally
pressurized cylinders (i.e., the range between the classical buckling
load and the minimum postbuckling equilibrium load) diminishes with
increasing internal pressure. The same tendency also may be expected
with soft elastic cores. Hence, the choice of a buckling criterion in
these cases may well be less critical.

FUTURE RESEARCH

Although the number of papers in the literature on structural
shell stability has increased to a substantial volume, the present
growth of aerospace technology is creating new problems at an even
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greater rate. A few shell stability problems which are of present
interest to LMSC and for which satisfactory methods of analysis are not
available are briefly listed below.

Methods of analysis for the influence of solid propellants on the
buckling strength of motor cases are needed in which the propellant is
treated as a viscoelastic rather than an elastic medium. Results are
required for an entire class of load distributions and load-time pro-
files. Another broad class of problems of particular interest is that
of structural instability under dynamic loading. Included in this
category are impulsive loading of only a few microseconds duration.
Within the field of ordinary static buckling analysis, insufficient
information is available on the buckling of shells whose principal radii
of curvature are functions of one or both of the shell coordinates,

e.g., a deep ellipsoidal dome subjected to, say, uniform external
pressure.

A particularly troublesome task for the structures analyst is the
assessment of the effect of a large cutout on the buckling strength of
a cylindrical or conical shell. Information seems to be lacking for
both reinforced and unreinforced openings and for monocoque and stiff-
ened shells.

The increasing use of filament-wound motor cases has given renewed
emphasis to the need for information on the buckling of both orthotropic
and bi-layered cylinders. Similarly, the immense size of booster fuel
tanks for recently proposed vehicles has increased the interest in

methods of analyzing cylinders of both orthotropic and sandwich con-
struction.

Finally, in shell stability investigations, relatively greater
emphasis must be given to experimental research. Although it is often
more difficult to obtain funding for testing than for analysis, the
uncertain reliability of small-deflection buckling theory makes the
role of experimental data especially critical in shell applications.
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COMPARISON OF THEORY AND TESTS FOR BUCKLING UNDER
CIRCUMFERENTIAL BAND OF PRESSURE
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Figure 1

THEORETICAL LOAD-DISPLACEMENT CURVES FOR THE
AXIALLY LOADED CYLINDER (FROM REF.9)
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DEVELOPMENT OF DESIGN STRENGTH LEVELS
FOR THE ELASTIC STABILITY OF
MONOCOQUE CONES UNDER AXTAL COMPRESSION
By A. H., Hausrath and F. A. Dittoe

General Dynamics/Astronautics
SUMMARY

Design relationships have been derived for the determination of
elastic buckling strength levels for unpressurized monocoque truncated
cones under axial compression. Theoretical implications have been con-
sidered in the establishment of a semi-empirical analysis leading to the
development of probability based design expressions. Data from 170
tests by various investigators were statistically evaluated for the ex-
pected mean, 90%, and 99% probability strength levels. Dispersion of
data was found to be slightly less than that of monocoque cylinders.
Non-linear effects of radius to thickness ratio or strength deteriora-
tion with length to radius ratio were not discernible,

INTRODUCTION

The elastic buckling of unpressurized monocoque right truncated cir-
cular cones under axial compression is analyzed statistically to establish
design strength levels. The resulting prediction equations were derived
from data in the ranges of semi-vertex angle from 2.87° to 75°’ mid-
height radius of curvature to thickness ratios of 98 to 4160,and slant
height to mid-height radius of curvature ratios of 0,133 to 4.45. The
resulting equations are intended for the design of cones where appli-
cable in aerospace vehicles and other structures requiring high levels
of structural reliability.

SYMBOLS

A subscript indicating the "A" level,

"A" level that level which would be exceeded by at least 99% of the
entire population with 95% confidence; i.e., the confidence
is 95% that at least 99% of the stability strengths of all



46

cones in axial compression can be expected to exceed the
"A" level,

B subscript indicating the "B" level,

"B" level that level which would be exceeded by at least 90% of the
entire population with 95% confidence; i.e., the confidence
is 95% that at least 90% of the stability strengths of all
cones in axial compression can be expected to exceed the

"B" level,

C buckling coefficient; see eq. (2).

[ . mean value of C; see eq. (7).

E material modulus of elasticity in compression,

ey theoretical frequencies for intervals in grouped data.

i subscript indicating ith value.

k one-sided tolerance factor for the normal distribution; a
function of sample size, probability level, and confidence
level.,

L slant height of conical frustum.

m number of intervals in grouped data.

N number of data values in sample.

ny observed frequencies for intervals in grouped data,

Pop axial compressive load, lbs., just prior to buckling.

Fcr expected mean value of P.. .

Pcyﬂ.o axisymmetric axial-buckling load of infinite cylinder with
constant-thickness walls,

r radius of cylindrical shell,

ry radius at small end of conical shell, measured in plane
normal to axis of cone,

ry radius at large end of conical shell, measured in plane

normal to axis of cone,

s sample standard deviation; see eq. (8).
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t shell thickness,

a semi-vertex angle of cone,

u mean value for a total population.

v Poisson's ratio.

p radius of curvature.

P radius of curvature of conical shell at mid-height.

o standard deviation for a total population.

x2 statistical parameter indicating goodness-of-fit of data

to a distribution function.
DISCUSSIONS

Justification for the Statistical Approach

Large variations in the actual buckling strengths of unpressurized
truncated cones can be expected due to the unstable nature of pre-buck-
ling load-deflection relationships for monocoque shells in compression.
Cylinders, for example, tend to follow the familiar peaked load-deflec-
tion curve toward the bifurcation point and then into the post-buckling
regime; however, to attain classical values of the buckling coefficient,
all conditions (imperfections, eccentricities, end conditions, etc.)
must be ideal. Since actual shells are subject to less than ideal con-
ditions, the resulting buckling strengths will be not only significantly
lower than theoretically indicated, but also widely dispersed. Existing
data from cylinders are slightly more dispersed than from cones for
axial compression and the response of spherical shells under external
pressure shows similar scatter, probably for related reasons,

An examination of the test data presented in fig. 1 shows approxi-
mately equal scatter for all values of the semi-vertex angle. The cause
of such variations in test results is not currently quantitatively de-
fined. The high sensitivity to unmeasured or unmeasurable parameters
makes an accurate analytical prediction of general instability strength
improbable for the types of applied structure used in aerospace vehicles,
Thus, in order to guarantee a reliable structure, statistical methods are
used to establish practical design strength levels, These levels should
not be considered as final. Analysis will eventually reveal the gquanti-
tative relationships between the buckling load and the above discussed
conditions, This will permit a better evaluation of the test scatter and
new statistical analyses resulting in more accurate prediction equations,
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Designing at mean or typical strength levels acknowledges that 50%
of structures so designed would fail before reaching design ultimate loads,
A previous statistical analysis (ref. 1) indicates that 10% of cylinders
designed to mean strength levels would fail at 75% or less of design ulti-
mate strength in axial compression. A similar situation exists for cones,

Although the dispersion of test data for monocoque shells is gen-
erally recognized, mean expected strength levels are often erroneously
advocated for design. "Eyeball" estimates of a lower bound to test data
are also sometimes used, particularly when only a limited amount of test
data are available. Unfortunately, the lower bound approach does not
result in a quantitative evaluation of the reliability of the solution.
Statistical analyses result in strength level estimates at desired levels
of probability and confidence and thus make it possible to design to the
required level of structural reliability.

This study endeavors to establish practical design relationships
for the elastic stability of unpressurized monocoque cones under axial
compression. The statistical levels adopted correspond to "A" and "B"
levels as defined in SYMBOLS.

Test Data

The total number of pertinent tests known to the authors is 174.
Refs. 2-6 contain data from 18 steel, 133 mylar, 15 nickel, and 8 alumi-
num cone tests., Although the preponderance of data are from the mylar
specimens of ref, 2, the remaining data with four exceptions, fit into
the mylar distribution satisfactorily, as may be seen in fig. 1. The
value of mylar as a material for model stability test specimens was treat-
ed in ref, 2 where it was concluded that mylar was quite attractive for
testing of this kind. A close scrutiny of the data reveals that the
mylar results tend to be slightly higher than those of the metal speci-
mens, Reasons for this may include experience gained in fabricating and
testing a large number of mylar specimens and the low probability for
local yielding of these specimens prior to buckling. The metal specimens
were worked closer to their proportional limits and thus were more sus-
ceptible to failures precipitated by local yielding. In the cases of
one aluminum and three nickel specimens, early failures may be directly
attributed to local yielding. In the aluminum specimen, the failure load
produced gross stresses in the cone wall above the material proportional
limit while in the nickel tests there were questionable end conditions.,
These four tests were omitted from the statistical analysis but are
shown in figs. 1 and 3 for reference purposes,

The remaining sample size of 170 consists of cones having
2.87° < « < 75°, 98 < 5/t < 4160 and 0.133 < £/p < 4.45.
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METHODS OF ANALYSIS

It is certainly to be recognized that from a statistician's point
of view the sample population is far from ideal. The experiments were
not statistically designed, there was no particular effort to randomize
the combinations of geometrical parameters, and there are several obvi-
ous sources of bias in the sample population; however, distribution
charts of 4/p and a vs. 5/t (tables 1 and 2) reveal some sampling in
many of the usual ranges of interest.

The plot of the buckling coefficient C vs. p/t shown in fig. 1
discloses the most interesting implication that C is independent of
p/t . This finding is contrary to the conclusions of refs. 2, 3, 4,
and 7 where functional relationships between C and some p/t were as-
sumed similar to that for cylinders.

The theoretical result for cones presented in ref, 7 and affirmed
in ref, 6 is

2

Pcr = Pcylmcos a (1)
which may be written
Pcr =C 2nEt2 0052 « (2)
The well-known classical value for C is
[ S— (3)
V3(1-v2)

which, for v = 0.3, is 0.605. However, experimental results for cylin-
ders are such that 0.07 5C g 0.5 and that C is strongly dependent upon
radius/thickness ratios. The experimental evidence for cones is pres-
ently such that 0.194 5 C 5 0.478 and that C is independent of radius/
thickness ratios, at least for the range of data available, Additional
influences of & or length effects are not discernible from plots of
cone data,

An examination of the frequency distribution of C by means of a
histogram (fig. 2) indicates near normalcy. If the variations in C
could be attributed to eccentricities in loading and specimen geometry,
local irregularities, etc., and if each of these could be assumed to
occur in a random manner, then it can be shown that the values of C
would be expected to be normally distributed.

The normal or Gaussian distribution function is given by



f(x) = of—ﬁ ex p[ (x'p)z] (4)

so that

f f(x)dx = probability that x > a (5)

a

In eq. (4), » and © are respectively the mean value and standard de-
viation for a total (infinite) population. As is the usual case, only
estimates of 4w and o are available, These are the sample mean, X ,
and the sample standard deviation, s, which were used to obtain the
fitted normal curve shown in fig. 2 for comparison with the histogram,

An analytical evaluation of the conformity of, the grouped data to
the normal distribution was conducted using the X test. This test,
discussed in most texts on basic statistics, consists of evaluating
the parameter x2 from eq. g?) and comparing the result to tabulated
percentage points for the x“ distribution. If the calculated value of
X< 1is less than the value tabulated for the applicable significance
level and number of degrees of freedom, then there is no reason to
reject the hypothesis that the data are from a normal population,

i (n -e, ) )

In eq. (6), m is the number of intervals over which the summation takes
place, nj are the observed frequencies in the intervals, and ej are the
theoretical frequencies for the intervals from the fitted normal dis-
tribution,

The X2 goodness-of-fit test was conducted for the test data and
resulted in the conclusion that at the 5% level of significance, the
sample distribution is consistent with the hypothesis that the parent
distribution is normal., The 5% level of significance, generally used
for X° tests for normality, was generously exceeded by the data. For
the purposes of this paper, the values of C were thus assumed to be
normally distributed.

The mean value of C and standard deviation were obtained from the
170 data values using eqs. (7) and (8).
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N
- 1
C=3% E: ci (7)
i=1
N 1
Y B S C 2
s = A 5T E:(c-ci) (8)
i=1

The "B" and "A" level estimates of C were then calculated from

Cy = C - kpgs (9)

cA =C-Kk,s (10)

where kg and k, are the proper probability tolerance factors. Values
of k have been calculated using procedures outlined in chapter 1 of
ref. 8 and tabulated in ref. 9. The values of k were calculated for
. the normal distribution such that the confidence is 95% that at least
the desired proportions will exceed the "B" and "A" levels., For 169
degrees of freedom, kg = 1.465 and k, = 2.592.

The results of calculations using eqs. (7) through (10) are:

C = 0.316 (11)
s = 0.06077 (12)
Cg = 0.227 (13)
C, = 0.158 (14)

Plots of the expected mean, "B", and "A" levels are shown in figs.
1, 2, and 3 for comparison with available data.

RECOMMENDATIONS

The "A" and "B" levels are recommended for the practical design of
unpressurized monocoque cones critical in buckling due to axial compres-
sion, The "A" level, eq. (lh), is recommended for use for those struc-
tures the single failure of which could result in catastrophic loss or
injury to personnel. The "B" level, eq. (13), may be used for struc-
tures not requiring the "A" level,
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Application of egs. (13) and (l4) as coefficients for eq. (2)
should be limited to cones having the following approximate geometries:
100 < p/t < 4000, 10° < a < 75°, and 0.25 < £/§ < 5. Table 1 and 2
may be consulted to determine the number of known tests for a desired
cone geometry. The stress level at the small end of the cone should
be checked to preclude the possibility of an early failure precipitated
by inelastic stresses,

Structural substantiation tests should be conducted on cones de-
signed by the use of egs. (2), (13), and (14) because of the influences
of fabrication techniques, size, and end conditions in each particular
design,

FUTURE RESEARCH

Additional testing of cones should be conducted in the sparsely
populated ranges of tables 1 and 2, Of particular interest would be
additional elastic tests in the high and low 5/t and small a groups.
These could permit a better understanding of the present experimentally
indicated independence of buckling coefficient with radius/thickness
ratio, The influence of end conditions on buckling of cones would seem
to be greater than for cylinders and, if adequately evaluated, might be
used to reduce the scatter of test data. Tests of larger and longer
specimens should indicate the effects of size and length which are not
discernible from existing data.

Accurate determinations of the compressive modulus of elasticity
of specimen materials should be reported in all future stability test
reports. Although difficult to obtain for thin gages, this information
is helpful in statistically evaluating test data and may, in fact, be
responsible for a significant amount of scatter in the existing data.

CONCIUDING REMARKS

For practical design purposes, reliable design buckling load levels
may be established if sufficient data exist. Recent shell stability test-
ing has greatly enhanced the fact that for unpressurized monocoque shells,
existing theoretical solutions are unrealistic for design. The use of
mean expected buckling strengths is also unconservative while lower bound
estimates are of unknown reliability. Statistically determined allowable
strength levels acknowledge the inevitable scatter of test data and per-
mit the estimation of strengths at desired levels of probability and con-
fidence., The application of statistics to other loading conditions and
shell configurations would be desirable when enough data are available,
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TABLE 1

DISTRIBUTION CHART P/t vs /P
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SHELL STABILITY PROBLEMS IN THE DESIGN OF
LARGE SPACE VEHICLE BOOSTERS
By James B. Sterett, Jr.

NASA Marshall Space Flight Center

SUMMARY

A discussion of the current methods used to design the Saturn type
booster shell structures is presented covering bending and axial com-
pression, with and without internal pressure. Problem areas encountered
in the application of available shell stability data to these designs
are delineated; as well as, suggested areas of future research for shell
configurations anticipated in advanced designs.

INTRODUCTION

The pressurized and unpressurized cylindrical shell portions of the
Saturn Boosters have changed considerably in configuration as payload
requirements became more stringent. Various cylindrical cross-sections
were investigated to optimize structural designs, with corrugated skins
in the unpressurized areas and ''tee' stiffened tank walls indicating min-
imum weight structures. Additional weight savings might be realized with
the use of multicell tanks for large diameter Boosters.

SYMBOLS
Ce frame stiffness coefficient
D shell diameter
E Young's modulus of elasticity
Fe ultimate compressive stress
I area moment of inertia

K shell buckling constant
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L shell length (between transverse frames)

q axial load per unit of circumference

R shell radius

t monocoque shell thickness

E equivalent weight monocoque shell thickness

oo

* equivalent strength monocoque shell thickness

DEVELOPMENT OF SHELL CONFIGURATIONS

FOR THE SATURN C-1 BOOSTERS

Pressurized Areas

Pressurized shell designs for the Saturn C-1 Boosters were based on
water hydrostatic test pressure requirements. The particular aluminum
selected, 5456-H343, is a work hardening alloy and develops excellent
mechanical properties after pressure cycling. Weld areas in the tanks
have final tensile yield strengths as high as 90% of the parent material.
Since the payload requirements were not critical for these Boosters, the
test pressures shown in table 1 were acceptable, especially considering
the resulting high structural integrity. Buckling instability of the
monocoque shells, under combined bending and axial compression, is not
critical compared to the hoop tension stresses.

Unpressurized Areas

The unpressurized cylindrical portions of the Saturn C-1 Boosters
were designed more efficiently than the tanks although subsequent load
reductions have increased their safety margins. The forward and aft
skirts of the 70 and 105 inch diameter tanks are semi-monocoque shells
except for short intermediate modified monocoque sections (as defined in
reference 1) attaching these skirts to the tank walls. The most critical
areas of these skirts, in each case, are the modified monocoque portions.
The classical buckling equation, F. = KEt/R, with a K value = 0.30, has
been used to establish these shell thicknesses and compares favorably
with the structural test results. The R/t range of from 140 to 390 as
shown in table 1, falls within the limits of the application of the 0.30
constant suggested in reference 2.



59

ADVANCED SATURN C-5 BOOSTER SHELLS

Pressurized Areas

Development of the pressurized portions of the advanced Saturn C-5
Booster followed a completely different design philosophy from the early
Saturn vehicles. Stringent requirements for maximum payload capacity,
for both lunar and earth orbital rendezvous, dictated a refined approach
to shell design. 1Initially, preliminary design concepts depicted an
integrally milled 45° waffle pattern for the skins with a full length
cruciform anti-slosh baffle dividing the tanks into four quarters. Fur-
ther shell optimization studies, coupled with the possibility of a re-
design of the baffles to annular rings, indicated a substantial struct-
ural weight reduction by incorporating integrally milled longitudinal
"tee" stringers in place of the 45° waffle. A comparison of these shell
designs are shown in tables 2 and 3. The values presented are for the
actual C-5 design pressures, bending moments and longitudinal forces,
within the plate thickness limitations for the 2219-T87 aluminum sheet
sizes required. Since the skin thickness for the "tee'" stiffened de-
sign is significantly influenced by pressure stresses, additional shell
weights were investigated for both waffle and 'tee'" stiffened segments
considering pressure increases. The "tee'" stiffened cross sections were
sized, based on optimization of skin to stiffener area ratios, with the
skin fully effective in compression (no local buckling). The waffle
sections were developed through application of the work accomplished
by Seide (ref. 4).

An interesting phenomena, concerning the annular rings, developed
in the optimization studies. To suppress sloshing within acceptable
limits, the ring baffles required a depth of approximately 30 inches,
several times that necessary to provide column stability for the stiff-
ened shell. In addition, longitudinal structural ties between rings on
the inner flanges were required to support the normal forces on the ring
webs due to sloshing pressures. This configuration of deep rings, with
the inner flanges supported against lateral instability, permitted re-
duction of the t contribution by the rings. A standard ring section,
required to stabilize the shell, was generated using the following equa-
tion from reference 3:

_ quwD4 .

EI
41,

This ring would add .07¢ inches to the skin-stringer t, compared to .048
inches for the deep anti-slosh rings. Sketches of the typical C-5 tank
structures are shown in figures 1 and 2.
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Unpressurized Areas

Cylindrical skirt areas of the Advanced Saturn without internal
pressure have been designed based on minimum weight criteria from ref-
erence 3 and are of fabricated (riveted) 7075-T6 aluminum sheet and
stringer combinations, with the exception of the inter-tank shell.

This section attaches the fuel tank to the oxidizer tank and is composed
of 7075-T6 corrugated sheet with transverse stabilizing ring frames.

In contrast with the C-1 Boosters, the monocoque skirt areas are re-
stricted to negligibly short segments which exist only at bulkhead to
shell junctures. Weights of the skirts are as follows:

SEGMENT §WEIGHT PER INCH
Forward Skirt 40
Intertank Skirt 35
Aft Skirt 48

Manufacturing and access requirements preclude the use of corrugated
skins for all of the skirts, although this cross section is structurally
the more efficient.

FUTURE RESEARCH

Monocoque Buckling Allowables

Tables 2 and 3 present weights for waffle pattern designs based on
three sources for buckling allowables (references 5 and 6). The basic
waffle dimensions are established from reference 4, but when the t* value
is selected from each buckling reference, different shell weights are
developed. For Boosters in the size range of the Advanced Saturn and
Nova, these differences amount to thousands of pounds of structural weight.
Extensive research should be conducted to establish uniform, generally
accepted cylinder buckling curves.

Multicell Designs

An area which shows extreme promise in future space vehicle designs
is the multicell configuration. Extensive studies accomplished at Mar-
shall Space Flight Center on cylindrical versus multicell tanks and tot-
al Booster structures indicate weight savings for the multicell, which
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increase in percentage with larger vehicles. Figure 3 presents the re-
sults of these studies ranging from a 360 inch diameter Booster to 600

inches. The typical cross section, shown in figure 4, does not present
unusual structural problems except in the transition areas between the

shell walls and bulkheads. These areas are geometrically difficult to

define and defy presently available methods of analysis for local shell
stability.

CONCLUDING REMARKS

Minimum weight designs for large space vehicle Booster cylindrical
shells require comprehensive studies to establish each individual config-
uration. Shell skins with integral milled stiffeners appear especially
attractive for propellant tanks. The selection of mill patterns such
as 45° waffle or longitudinal "tees" depends on loads and other design
criteria peculiar to that tank. Uniformly accepted and proven cylinder
buckling curves would permit further refinement of shell designs. For
future Boosters, research is needed on multicell designs and their sta-
bility problems.
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Figure 1.- Typical tank assembly for Advanced Saturn C-5 Booster.
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Figure %.- Multicell versus cylindrical tank weights.

Figure U4.- Typical division of tank into cells.
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PROBLEMS ASSOCIATED WITH THE DESIGN
OF LARGE SHELL STRUCTURE
By W. M. Moseley

General Dynamics/Fort Worth
SUMMARY

An account of the approach used in design of a large
sandwich construction nose cone 1s given. The areas in
which analytical methods are needed are discussed and a
theoretical procedure is proposed.

INTRODUCTION

Many of the space exploratlion probes and satelllites
are housed on the nose of large missiles. These payloads
require protection during the launch phase and the missile
requires fairing to reduce aerodynamic drag. Thus, large
Jettisonable nose panels are needed in many applications.
The panels must possess integral stiffness since there is
little or no room for supporting structure. These require-
ments have resulted in the design of large "split-cone"
sections of sandwich construction. Satisfactory methods
of analysis do not exist for this type of structure.

SYMBOLS*
X, ry, 2, P Linear coordinates
9, d) Angular coordinates
a, b, ¢, 4, L, L', B Dimensions
Ab vV, W, q, V', S Displacements

I, J, ¥, G, N, M, K, K', H Displacement parameters
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A (with proper subscript) Coefficients of displacement
parameters

f, g, 1, 3, k, 1, my n, h Integers or subscripts

*See also figures 1 and 2.
DESIGN APPROACH

The task under consideration is to design a nose fair-
ing for a 10 foot diameter missile. The purpose of the
fairing is to reduce vehicle drag, and to protect the pay-
load from heat and airloads during the boost phase of the
flight. A cone-on-cylinder configuration is chosen for
the proposed design. The 10 foot diameter cylinder portion
is 10 feet long The conical portion is 16 feet long with
a taper of 14.5° per side. There are no internal frames or
bulkheads forward of the base. To facilitate Jjettisoning
in f£iight, the fairing is fabricated in halves. The half
shells are then held mated by a few explosive fasteners
along the vertical split lines.

The air pressure or loads act in a crushing direction
and produce axial and hoop compressive stresses in the
shell wall., Since the airload is not uniform, shear and
bending are also present. In addition the shell must be
able to withstand thermal stresses resulting from rather
severe aerodynamic heating.

Environmental conditions indicate the use of fiber-
glass sandwich for shell wall construction. The designer
must then attempt to establish the required core and
laminate thickness to provide the required strength and
stability. He can satisfy these by the use of conventional
stress equations but he soon finds that these apply to
complete cylinders of solid sheet material. The cylinders
treated are considered very long or assumed held round at
intervals. Only a small amount of information exists on
sandwich cylinder allowables, and in each case the author
points out the need of further investigation and testing
to establish vallid design allowables.

In this particular design the engineer does not have
a complete cylinder. He has two half cone-cylinders,
since moment continuity is lost at the split lines. The
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knee area, or juncture between the cone and cylinder, acts
as a stiffening ring to some degree. It divides the shell
into two distinct bays which might buckle independently if
the juncture is stiff enough. The designer finds very
little information on fhe required stiffness of reinforcing
rings for cases of this nature.

To determine the elastic buckling pressure of the
conical portion of the half shell, the designer will again
be forced to use complete cylinder formulas and use assumed
values for effective length and radius. The loss in
strength due to the split line and the absence of a rigid
ring cannot be adequately predicted.

The airloads on a ring (a unit length of shell) can
be divided into a uniform crushing component and an
asymmetrical component. The uniform component is reacted
by hoop compression in the ring and no bending is present.
The asymmetrical component induces a shear reaction in the
shell, and a ring flattening effect is expected. A quick
analysis shows that a shear reaction of the classical
VQ/I type produces no ring bending with the asymmetrical
airload. However, further checking shows that only slight
variations in the distribution of the applied pressure or
the reacting shear will produce very high computed ring
flattening deflections and bending moments. Thus the
stiffness required to prevent flattening becomes a major
unknown.

In most such design projects, the designer is aware
of the vehicle performance penalty for unnecessary struc-
tural weight. Yet he is faced with a schedule and budget
that does not permit developmental testing. A nose cone
failure could waste a missile and launch effort costing
millions of dollars. If a designer is to have a measure
of confidence in his product, under these circumstances,
the finished hardware is sure to be unnecessarily heavy.

For example, previous analyses of this type panel
have treated the problem on an "equivalent-thickness"
basis. The sandwich panel is reduced to an equivalent
thickness of solid metal and compared with cylinder data
of the same effective length, radius, and mean radial
pressure distribution. Margins of safety of 50% have
been allowed to account for the effects of the split line.
Such procedures are believed to result in excessive
sandwich core weight.
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The cone-on-cylinder shell discussed here is believed
to be useful enough to be worthy of further research. The
author knows of four existing satellite programs which
utilize this shape, and several more that are under
consideration.

ADDITIONAL THEORETICAL INVESTIGATION

A limited investigatlion was initiated to determine if
the critical buckling load of the nose cone could be found by
theoretical means. For this purpose a structural idealiza-
tion of the nose cone was made considering its physical
features. The configuration was a sandwich shell composed
of a spherical nose cap, a conical section, and a cylindri-
cal section. The shell is split into two halves to facili-
tate Jettisoning; the edges of the half shells are
reinforced along the parting line by fairly stiff beams.
The shell is supported at its base by the missile body
and Jjust below its spherical cap by stout bulkheads.

Only the cone-cylinder sections need be considered in
a stabllity analysis. At the Jjuncture of the cone and
cylinder the discontinuity angle of the shell plus a local
thickening of the sandwich acts as a stiffening ring.
Since 1t would not be decided initially if this stiffening
was sufficient to cause the cone and cylinder to buckle as
individual elements, provision for buckling of the combina-
tion was included in the analysis. It was also decided to
include the discontinulty of bending moment along the shell
parting line although the effect of this now appears of
somewhat minor consequence. It was felt that an essential
feature in this analysis should be the low transverse shear
stiffness of sandwich construction.

Before attempting an analysis, the load-temperature-
time history for the nose cone was considered. It was
found that the design loads occurred at near room tempera-
ture and were followed at some later time by the peak
thermal gradient during which the applied loads were
nearly zero. The distribution of pressure and temperature
is practically uniform over the conical and cylindrical
segments under consideration. Although the design pressures
can occur at a slight angle of incidence, it is felt that
this affects the bending only since the instability is pri-
marily a functicn of the mean radial pressure distribution.
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Having made the above idealizations, some time was
spent in a brief review of applicable literature. Papers
on thin cones and cylinders, and on sandwich cylinders
were reviewed. From the survey it became apparent that
the only feasible analytical approach would be an approxi-
mate one based upon an energy method. The inherent hazard
of such an approach 1s that it leads to unconservative
values of critical loads if the expression for deformation
does not admit the true buckled shape (reference 1, page
90). Several authors state that satisfactory solutions
for cylinders subjected to hydrostatic pressure can be
obtained with small deflection theory and others suggest
that for sandwich construction snap-through type buckling
is unlikely (sec. 1.1, ref. 1, p. 498; ref. 2, p. 49;
ref. 3, p. 2). Although no such statements were found for
cones, there appears no reason for their behaving differ-
ently from cylinders as long as the cone angle 1s not
large. With these assumptions it is possible to follow
the procedure of reference 4, which also makes use of
reference 5, in computing the critical buckling load for
the nose cone. The detailed steps taken and the equations
are much too lengthy for presentation here so only a
brief outline of principles will be shown. The geometry
of the cone is shown in figure 1.

Strain components for the cylindrical portion of the
shell can be expressed in terms of displacements as equa-
tions 12.56 of reference 6. However, in addition to u,
v, and w, terms involving transverse shearing strains
aéx and ]éz omitted in equations 12.47 (ref. 6) must be

included in the last three equations of 12.57 (ref. 6)

to account for the low shear modulus of the sandwich core.
Similar strain expressions for the cone may be derived in
terms of displacements s, Vv', and q and shear strains

?;p and 7ép'

The normal deflection (q, w) assumed for each half
shell was the sum of the three shapes shown in longitudinal
section in figure 2.

The expressions used are:

(F) M) + (¢) (L) + (N) (K)
(F) (1) + (H) () + (N) (x')

=
I

Q
Il
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*These terms are zero for f, g, h, n = even, 1.e., a
continuous shell.
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The above expressions for g and w were found to
satisfy all boundary conditions provided shear strains

75%’ zbz, 7;p’ 2ép’ and Poissons ratio effects

in the strain component expressions previously derived
are neglected.

The strain energy of the sandwich cylinder and core,
due to deflections q, w, are determined similarly to
the method of reference 4, It was found more convenient
to take the reference surface at the core mid-height. An
expression of similar form to that of equation 47 (ref. 4)
is found for the strain energy of the shell, and the
flexural energy of the edge beams of the nose cone is
added to the term corresponding to B15, of reference 6.

In applylng the method of minimizing the total poten-
tial, only the change of load potential during buckling
need be found. Part of this change comes from the induced

>

radial compression in the nose cone and part from the axial

force on the shell. The former can be found using the
trick of reference 1, page 288. The equivalent load 1is
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the quantity on the right side of equation (a). The
quantity in parenthesis 1is replaced with the radial curva-
tures from the expressions for strain components in the
nose cone. Radial displacement terms can be eliminated by
consideration of inextensible buckling. Longitudinal dis-
placements can be expressed in terms of the "tilting"
factors and neutral surface ordinates used for strain
energy expressions. For the second part of the change in
external energy, the average shortening of an elemental
length of genetrix can be taken as
2
ov'
or

2 2 2
1/2 (S%%) + (ﬁ}%-) or 1/2 (5?%)

where terms in v, v' must be again expressed in terms of
"ti1lting" factors and neutral surface ordinates.

The change in total potential 1s taken as the sum of
load potential and strain energy. Arranging terms involv-
ing "tilting" factors and neutral surface ordinates on the
right-hand side, these parameters can be eliminated by
minimization and result in a right side expression similar
to that of equation 59 (ref. 4).

Further minimization of the change in total potential

with respect to A A m’ AgAe, f 1 hAJ’ and A Ak

results in five simultaneous equations containing q
(pressure) and the integers f, g, h, i, J, Kk,

l, m, and n. These equations are much too lengthy to
show here. They also are much too complex to solve
manually and should be programmed onto a large computer.

Due to the time schedule of the particular nose cone
being designed, there was insufficient time to attempt
solution on the IBM 7090 computer available at this
facility. However, this would be an ideal tool to use
in this analysis. It is completely feasible and practical
to obtain an IBM solution to the equations. The problem
is common enough throughout the industry to warrant this
research and the majority of the aerospace companies who
would use such data have facilities for processing a
computer program.
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CONCLUDING REMARKS

Tying such a theoretical analysis development program
to an experimental investigation of sandwich nose cone
models would make an excellent research program. For
instance, it is strongly suspected from the tests of thin
metal models that the k-mode displacements are unnecessary
in the analysis and would affect large simplifications in
the analysis by being omitted. At the same time, there
also exists the possibility that tests of sandwich shells
might reveal that some other displacement mode i1s reguired
although this does not appear likely from tests to date.
In either event, completion of the analysis and test
corroboration would give us a very useful design tool.
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DESIGN OF STIFFENED CYLINDERS IN AXIAL COMPRESSION
By John M. Hedgepeth

Space Systems Division, Martin Marietta Corporation

SUMMARY

The problem of optimum design of axially compressed cylinders
stiffened by rings and stringers is discussed. Particular atten-
tion is devoted to configurations suitable for large launch vehi-
cles. Consideration is given to the analytical techniques for
determining strength as well as the procedures for optimization.

INTRODUCTION

One of the primary design criteria for circular cylindrical
shells in flight vehicles is the necessity of carrying axial com-
pressive loading. In most situations, the loading is light
enough so that efficient design precludes the use of an unstabi-
lized, single-thickness shell. Of the various means of stabili-
zation, the one used most often is that of stringer and ring
reinforcement.,

The purpose of this paper is to discuss methods of analysis
and of optimum design of stiffened cylinders. Attention is de-
voted primarily to types of configurations and loadings which are
suitable for large-scale launch vehicles., Only the case in which
integral stringers are firmly fixed to the rings and in which pre-
mature local buckling of the skin between stiffeners is prohibited
is considered, in the belief that these are inherent properties
of the most efficient structure. For simplicity, the stiffening
elements are assumed to have negligible torsional or sidewise
bending stiffness.

Most of the information contained herein is not particularly
new or surprising. It is felt, however, that the discussion taken
as a whole is a contribution to the field of optimum design.
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DISCUSSION

Before looking at the complex stiffened cylinder, there are
some lessons to be learned from published analyses of the much
simpler stiffened flat plate. For example, a study of the results
of reference 1 shows that a longitudinally compressed, longitudi-
nally stiffened rectangular plate with many bays in the transverse
direction, buckles as if the bending stiffness of the stiffeners
was '"'smeared out'", provided that the stiffeners are not so stiff
that local buckling of the plate between stiffeners occurs. For
the present case wherein premature skin buckling is prohibited,
this means that the stringer stiffening can be very adequately
accounted for by means of orthotropic analyses. Since the larger
the stringer, the larger the ratio of stiffness to weight, it also
means that a necessary condition for optimum design is that local
skin buckling, stringer crippling, and overall cylinder buckling
should occur at the same load level., In short, for a given re-
quired distributed stringer stiffness determined by orthotropic
theory, optimum design implies that the stringer spacing be as
wide as possible without encountering local skin buckling, and as
deep as possible without creating crippling.

The situation with regard to rings is unfortunately not so
straightforward. Qualitative help is afforded by the results in
reference 2 for the longitudinal loading of transversely stiffened
long plates. These results have been replotted in figure 1 in a
form suitable for the present discussion. In this form, the buck-
ling curves that occur if the stiffener were stiff enough to force
local panel buckling and the curves predicted by an orthotropic
analysis are the same for all proportions; these are shown by the
dashed straight lines. The exact results for the discrete stiffen-
ers are indicated by the solid curves. These curves are very
nearly coincident for practical panel aspect ratios. There are
three ranges of the stiffness parameter: For light stiffeners,
the curves follow the orthotropic theory; for heavy stiffeners,
the panel is forced to buckle between stiffeners. In the inter-
mediate range, the stiffeners participate in the buckling and
their discreteness is important.

Several lessons pertaining to the buckling of stiffened
cylinders are learned in this figure. For example, there is no
need of making the rings stiffer than a certain value. Further-
more, since the larger a ring is the more efficient from a weight
standpoint it is, the range in which the orthotropic ring theory
is valid should be avoided. The optimum design will have a ring
stiffness that would be associated with the intermediate range.
This is unfortunate since in this range analysis techniques are
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the most difficult. In addition, the optimization procedure would
have to include the complicated coupling between the stringer
stiffened cylinder and the rings. Without very much cost in weight
one can eliminate part of this coupling by adopting the criterion
that the rings should be made just stiff enough to force nodes at
the rings.

On the basis of this criterion one can design the optimum
stringer panels for buckling between rings; this would depend only
on the loading and the ring spacing. Then the rings can be sized
s0 that the selected buckling mode would be obtained. A subse-
quent optimization with respect to ring spacing would yield the
final efficient design.

The carrying out of the foregoing optimization procedure is
feasible within the present state of the art of analysis
techniques. A discussion of some of the interesting aspects of
this state of the art follows:

Analysis of Stringer Stiffened Cylinders

If one can ignore the effect of "one sidedness'" of the
stringers, there are a number of orthotropic cylinder analyses
that are applicable to solving this problem. Such an analysis
should include the effects of plasticity since optimum design
should entail sizable stresses. This is particularly true if the
cylinder is pressurized. The inclusion of these plasticity effects
for the pressurized case can be a source of trouble because of the
difference in effective stress levels between shell and stringers.
Analysis shows that the shell becomes plastic at a considerably
lower load than do the stringers.

Theoretical results obtained from such orthotropic analysis
should be in good agreement with the strength that would be real-
ized experimentally even though small deflection theory is
utilized. This conclusion follows from an examination of the
kinds of configurations that are optimum for large launch vehicle
structures. Here the optimum ring spacing turns out to be rela-
tively small and most of the load carrying ability of the stringer
stiffened cylinder is contributed by its wide column capability.
The contribution of the curvature, which is most subject to re-
duction due to large deflection effects, is relatively small,
Furthermore, a stringer stiffened cylinder turns out to have a
relatively low effective radius-thickness ratio so that the knock-
down in cylinder strength is small. These conclusions are based
in part on the results obtained in reference 3 by means of an
approximation of the orthotropic analysis of reference L,



An investigation of the influence of the one sidedness of the
stringer stiffeners in practical cylinder design is being performed
by the author. Preliminary results of the investigation indicate
that for the axisymmetric mode of buckling, locating the stringers
on the inside yields a significantly higher strength than locating
them on the outside. For most asymmetric modes of buckling, the
converse is true. Since the critical mode of failure is usually
the latter, attention should be given to the possibility of uti-
lizing external stiffeners in design.

Determination of Required Ring Stiffness

As was mentioned before, efficient stiffened cylinder pro-
portions require the rings to be handled as discrete entities
rather than by means of orthotropic techniques., An oft used prac-
tice is to size the rings in accordance with Shanley's criterion,
reference 5, which is a conservative quasiempirical specification
based on the envelope of a large number of test data. For large
launch vehicles, Shanley's criterion yields rings that contribute
significantly to the overall weight of the cylinder. A more re-
fined technique, based on the detailed geometry of the cylinder
and its stiffeners and treating the rings as discrete elements,
is therefore an important adjunct to efficient design.

Examination of various proposed designs for launch vehicles
in the Nova class shows that the tank domes and the manufacturing
splices divide the structure into relatively short cylinders. For
such configurations only a few additional rings are necessary in
each segment. Therefore, analyses of "infinitely long'" geometries
are of limited usefulness. One must deal with the actual structure,
incorporating the restraint effects of domes and other attachments
in order to get accurate strength estimates. Mathematically there
are two ways of dealing with each of the cylindrical segments.

One is by writing the 8th order partial differential equation for
the stringer stiffened cylinder with the proper boundary and dis-
continuity conditions at the ends and across rings. The other
would be to use a potential energy approach. In either case,
various values of circumferential wave length would have to be
examined and the rings sized in order to yield at least as much
strength as that already determined for the stringer stiffened
cylinder. Of the two approaches, the energy approach would seem
to be more suitable for programming on a computer,

Effects of Alternative Design Conditions

As is usual in structural design, launch vehicles are sub-
jected to a variety of loading conditions. The tank barrels, for
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instance, must be capable of withstanding not only the very large
flight compression loads coming from the combined longitudinal
acceleration and wind shears but also less large,but still appre-
ciable,compression loads on the launch pad. The high reliability
requirement for man rating dictates capability of any tank's being
empty and unpressurized while all upper stages are completely
fueled. The necessity of meeting both of these design loadings
well may yield a tank structure which is optimum for neither of
the loadings since the pressurization existing during flight re-
duces the requirements for rings but increases the plasticity
problems., The first rough cut would be gotten by designing the
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